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We present the theoretical underpinnings of scale without conformal invariance in quantum
field theory. In light of our results the gradient-flow interpretation of renormalization-
group (RG) flow is challenged, due to deep connections between scale-invariant theories
and recurrent behaviors in the RG. We show that, on scale-invariant trajectories, there is
a redefinition of the dilatation current that leads to generators of dilatations that generate
dilatations. Finally, we develop a systematic algorithm for the search of scale-invariant
trajectories in perturbation theory.
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Note Added
This paper examines aspects of theories with scale but without conformal
invariance, quoting the result of [1] as an example of such a theory. While
the original interpretation of the result of [1] was incorrect, as was later
realized by the authors [2], the theoretical treatment of scale without
conformal invariance and the features of such theories presented in this
work are correct.
1. Introduction
It has long been presumed that, under mild assumptions, scale invariance implies conformal
invariance in relativistic quantum field theory. Although no proof is known in d > 2
spacetime dimensions, until very recently [1] a credible counterexample was lacking.
In d = 2 spacetime dimensions, Polchinski [3], following an argument of Zamolodchikov
[4], proved that scale invariance implies conformal invariance for unitary quantum field the-
ories with finite correlation functions. The technical assumptions of unitarity and finiteness
of the correlation functions play an important role in the proof, and counterexamples which
do not satisfy these assumptions have been found. Indeed, a scale-invariant model without
conformal invariance, in which correlation functions of the energy-momentum tensor are
not finite, was discovered by Hull and Townsend [5]. Moreover, the theory of elasticity
in d = 2 Euclidean dimensions, a non-reflection-positive theory, was shown by Cardy and
Riva to display scale but not conformal invariance [6]. Other counterexamples are also
known [7]—nevertheless unitarity or finiteness of the correlation functions is violated in
each case.1
Polchinski also showed that a unitary scale-invariant theory of scalar fields in d = 4−ǫ is
automatically conformally invariant at one-loop order [3]. The argument he used is simple:
for couplings gi with beta functions β
i, scale invariance implies βi = Qi with Qi 6= 0, while
conformal invariance requires Qi = 0 (see Eqs. (2.8)). Therefore, if by direct computation
one shows that (Qi)∗βi = 0, then scale implies conformal invariance. Later on, his result
was extended (also at one-loop order) to a theory of scalar fields and Weyl fermions, in
d = 4 − ǫ, by Dorigoni and Rychkov [9]. Recently, we showed that for a unitary quantum
field theory of scalar fields exclusively scale implies conformal invariance to two loops, while
in a unitary quantum field theory of Weyl fermions and no more than one real scalar field,
scale invariance implies the vanishing of the beta functions (and hence conformal invariance)
1For related work see also Ref. [8].
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to all orders in the loop expansion [1].
More surprisingly, though, we showed that, in more general (unitary) theories, scale
invariance does not necessarily imply conformal invariance beyond the one-loop order; the
Polchinski–Dorigoni–Rychkov argument breaks down at two loops. For example, the “y3λ”
two-loop term in the Yukawa beta functions leads to an obstruction to the Polchinski–
Dorigoni–Rychkov argument. This term also generates an impediment to expressing the
renormalization group (RG) flow as a gradient flow as shown by Wallace and Zia [10], and
a deep connection between scale-invariant trajectories and recurrent behaviors is revealed.
In this paper we will investigate the theoretical consequences of scale without conformal
invariance for four-dimensional quantum field theories of vector fields, scalar fields and Weyl
fermions, and we will discover remarkable properties of scale-invariant theories. As we will
argue, scale-invariant trajectories correspond to rare RG flows, namely recurrent behaviors
(i.e., limit cycles and ergodic behavior). Specific well-defined examples of scale-invariant
trajectories in d = 4 − ǫ (which are unitary, with finite correlation functions and energy
bounded from below) and in d = 4 (unfortunately with energy unbounded from below) will
be discussed elsewhere. Here we content ourselves with reviewing the systematic expansion
we used in [1] to search for recurrent flows.
The paper is organized as follows: section 2 reviews the conditions under which a theory
is scale and/or conformally invariant. The conditions for scale without conformal invariance
are then translated to conditions on the beta functions with the help of the new improved
energy-momentum tensor. An analysis of the RG flow of scale-invariant trajectories leads
to a connection with RG recurrent behaviors. Such behaviors imply that RG flows are not
gradient flows, and interesting consequences, e.g., for the a-theorem, are discussed. Finally,
an investigation of dilatation generators for scale-invariant theories allows one to conclude
that dilatation generators do generate dilatations for scale-invariant theories, even with
non-vanishing beta functions. The implications of scale without conformal invariance on
correlation functions are also briefly discussed. Section 3 describes a general technique to
discover scale-invariant trajectories that are not conformal in generic quantum field theories.
Finally, we conclude in section 4.
2
2. Scale versus Conformal Invariance
2.1. Preliminaries
Let us first review under which circumstances a quantum field theory is scale or conformally
invariant [3, 11, 12]. The most general form of the dilatation current is
Dµ(x) = xνT µν (x)− V
µ(x) , (2.1)
where T µν(x) is any symmetric energy-momentum tensor and V µ(x), the virial current,2
is any local operator that does not explicitly depend on xµ. The former is determined by
the spacetime nature of scale transformations, while the latter, an internal transformation,
contributes to the scaling dimensions of the fields of the theory. Notice that the allowed
freedom in the choice of the symmetric energy-momentum tensor is balanced by the liberty
to arbitrarily select the current V µ(x). Since it is finite and not renormalized, the new
improved energy-momentum tensor Θµν(x) [11] will be a particularly helpful choice of
T µν(x) in the following.
For any given choice of energy-momentum tensor, the dilatation current will be con-
served and the theory will exhibit scale invariance if there exists a virial current such
that
T µµ (x) = ∂µV
µ(x) . (2.2)
For d > 2 the theory will also feature conformal symmetry if the virial current is the sum
of a conserved current, Jµ(x), and the divergence of a two-index symmetric local operator,
Lµν(x), such that
T µµ (x) = ∂µV
µ(x) = ∂µ∂νL
µν(x) . (2.3)
This last statement is equivalent to the existence of a traceless symmetric energy-momentum
tensor [3].
Therefore, for a quantum field theory to be scale but not conformally invariant, it
is necessary that Eq. (2.2) is satisfied, with the additional requirement that Eq. (2.3) is
not, i.e., the virial current is not the sum of a conserved current and the divergence of a
two-index symmetric local operator:
T µµ (x) = ∂µV
µ(x) , where V µ(x) 6= Jµ(x) + ∂νL
νµ(x) with ∂µJ
µ(x) = 0 . (2.4)
The possible choices for the virial current are easily determined, since its spatial integral
must be gauge-invariant and, in d spacetime dimensions, its scaling dimension must be
2Strictly speaking the “field virial” is a very specific current defined, e.g., in Eq. (A.14) of Ref. [12]. We
are relaxing the strict interpretation of the term.
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d−1. In a general d = 4 renormalizable quantum field theory the use of the new improved
energy-momentum tensor in Eq. (2.4) will be particularly useful in constraining the virial
current.
2.2. Scale Invariance and the New Improved Energy-Momentum Tensor [11]
Using dimensional regularization, the most general classically scale-invariant d = 4 − ǫ
renormalizable theory involving gauge fields, AAµ (x), interacting with real scalar fields, φa(x),
and Weyl fermions, ψi(x), belonging to arbitrary representations of the gauge group,
3 is
described by the Lagrangian
L = −µ−ǫZA
1
4g2
A
FAµνF
Aµν + 1
2
Z
1
2
abZ
1
2
acDµφbD
µφc+
1
2
Z
1
2
∗
ij Z
1
2
ikψ¯jiσ¯
µDµψk−
1
2
Z
1
2
∗
ij Z
1
2
ikDµψ¯jiσ¯
µψk
− 1
4!
µǫ(λZλ)abcdφaφbφcφd −
1
2
µ
ǫ
2 (yZy)a|ijφaψiψj −
1
2
µ
ǫ
2 (yZy)∗a|ijφaψ¯iψ¯j , (2.5)
where λabcd is totally symmetric in its indices and ya|ji = ya|ij. For simplicity, gauge-field
kinetic mixings are not considered. The kinetic terms are defined through
FAµν = ∂µA
A
ν − ∂νA
A
µ + f
ABCABµA
C
ν ,
Dµφa = ∂µφa + iθ
A
abA
A
µφb ,
Dµψi = ∂µψa + it
A
ijA
A
µψj ,
where the gauge-group generators θAab and t
A
ij are Hermitian (the real-scalar-field generators
θAab are also purely imaginary and antisymmetric). By gauge invariance the couplings satisfy
θAa′aλa′bcd + θ
A
b′bλab′cd + θ
A
c′cλabc′d + θ
A
d′dλabcd′ = 0 ,
θAa′aya′|ij + t
A
i′iya|i′j + t
A
j′jya|ij′ = 0 .
The beta functions are given by vertex corrections plus wavefunction renormalizations:
βA = −
dgA
dt
= γAgA (no sum) ,
βabcd = −
dλabcd
dt
= −(λγλ)abcd + γa′aλa′bcd + γb′bλab′cd + γc′cλabc′d + γd′dλabcd′ ,
βa|ij = −
dya|ij
dt
= −(yγy)a|ij + γa′aya′|ij + γi′iya|i′j + γj′jya|ij′ .
(2.6)
3Upper case indices from the beginning of the roman alphabet are gauge indices for vector fields. Lower
case indices from the beginning of the roman alphabet are indices in flavor and gauge space for scalar fields,
while lower case indices from the middle are indices in flavor and gauge space for Weyl spinors.
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Here γλ and γy are the λabcd and ya|ij vertex anomalous dimensions computed from the
vertex corrections Zλ and Zy respectively, while γA, γab and γij are the gauge-field, real-
scalar-field and Weyl-fermion anomalous-dimension matrices computed from the wavefunc-
tion renormalizations ZA, Z
1
2
ab and Z
1
2
ij , respectively. The RG time is defined as t = ln(µ0/µ).
In this perturbative setting the most general non-trivial candidate for the virial current
is
V µ(x) = QabφaD
µφb − Pijψ¯iiσ¯
µψj , (2.7)
where Qab is antisymmetric and Pij is anti-Hermitian, i.e., Qba = −Qab and P
∗
ji = −Pij . By
gauge invariance the unknown coefficients Qab and Pij must satisfy
θAa′aQa′b + θ
A
b′bQab′ = 0 ,
−tAii′Pi′j + t
A
j′jPij′ = 0 .
The unknown coefficients in Eq. (2.7) are to be determined by satisfying Eq. (2.4), which
is greatly simplified once the new improved energy-momentum tensor is used. One rea-
son for that is that the new improved energy-momentum tensor Θµν(x) is finite and not
renormalized [11].
From the Lagrangian (2.5) the trace of the new improved energy-momentum tensor is
given by [13]
Θ µµ (x) =
βA
2g3
A
FAµνF
Aµν + γaa′D
2φaφa′ − γ
∗
i′iψ¯iiσ¯
µDµψi′ + γii′Dµψ¯iiσ¯
µψi′
− 1
4!
(βabcd − γa′aλa′bcd − γb′bλab′cd − γc′cλabc′d − γd′dλabcd′)φaφbφcφd
− 1
2
(βa|ij − γa′aya′|ij − γi′iya|i′j − γj′jya|ij′)φaψiψj + h.c. .
Recall that a transformation is a symmetry of the theory if the infinitesimal transformation
changes the Lagrangian by a total derivative without the use of the equations of motion
(EOMs). However, the fact that a current is conserved is determined with the help of the
EOMs [12]. Therefore, the dilatation current, Dµ(x), the divergence of which is
∂µD
µ(x) = βA
2g3
A
FAµνF
Aµν+(γaa′+Qaa′)D
2φaφa′−(γ
∗
i′i+P
∗
i′i)ψ¯iiσ¯
µDµψi′+(γii′+Pii′)Dµψ¯iiσ¯
µψi′
− 1
4!
(βabcd − γa′aλa′bcd − γb′bλab′cd − γc′cλabc′d − γd′dλabcd′)φaφbφcφd
− 1
2
(βa|ij − γa′aya′|ij − γi′iya|i′j − γj′jya|ij′)φaψiψj + h.c. ,
5
is conserved if
βA = 0 ,
βabcd = −Qa′aλa′bcd −Qb′bλab′cd −Qc′cλabc′d −Qd′dλabcd′ ,
βa|ij = −Qa′aya′|ij − Pi′iya|i′j − Pj′jya|ij′ ,
(2.8)
for the remaining terms vanish with the help of the EOMs.4 The form of Eqs. (2.8) is
unmodified to all orders. Moreover, since operators related to the EOMs are finite and not
renormalized [13,14], the dilatation current, and consequently the virial current, is finite and
not renormalized for scale-invariant theories. Furthermore, in d = 4 spacetime dimensions
the virial current has dimension exactly 3, although it is not conserved—the theory is
scale but not conformally invariant.5 Notice that, in terms of the vertex corrections, the
conditions for scale invariance imply
(λγλ)abcd = (γa′a +Qa′a)λa′bcd + (γb′b +Qb′b)λab′cd + (γc′c +Qc′c)λabc′d + (γd′d +Qd′d)λabcd′ ,
(yγy)a|ij = (γa′a +Qa′a)ya′|ij + (γi′i + Pi′i)ya|i′j + (γj′j + Pj′j)ya|ij′ .
(2.9)
Thus, for scale invariance to hold, the vertex anomalous dimensions must have very specific
forms. This fact will play an important role later: it will quantum-mechanically generate
the scaling dimensions required in the dilatation generator.
Finally, it is easy to see from Eq. (2.4) that a theory is scale-invariant but not confor-
mally invariant, if and only if there is a non-trivial virial current such that ∂µV
µ(x) 6= 0
and Eqs. (2.8) or (2.9) are satisfied.
2.3. Renormalization Group Flow along Scale-invariant Trajectories
A quantum field theory with a non-trivial scale-invariant trajectory is a theory with a
solution to Eq. (2.4), or equivalently Eqs. (2.8) or (2.9).6 As mentioned in the introduction,
the Polchinski–Dorigoni–Rychkov argument breaks down at two-loop order in a theory with
enough scalars and fermions. Hence, scale invariance does not necessarily imply conformal
4Note that, at the quantum level, the divergence of a current has three types of contributions: the
usual contribution proportional to the EOMs, the contribution which corresponds to the classical violation
of the symmetry, and a possible anomaly. Here the classical violation of the symmetry vanishes, while the
combination of the anomaly and the virial current is proportional to the EOMs.
5This argument is consistent with the different unitarity bounds for conformal versus scale-invariant field
theories [15].
6Of course, conformal fixed points still satisfy Eqs. (2.8) and (2.9) with trivial virial current.
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invariance. Once a non-trivial scale-invariant solution (gA, λabcd, ya|ij) has been found, it
is easy to solve exactly the RG equations on the scale-invariant trajectory. Indeed, with
the RG time defined as t = ln(µ0/µ), the RG evolution on a scale-invariant trajectory is
remarkably simple; it is
g¯A(t) = gA ,
λ¯abcd(t) = Ẑa′a(t)Ẑb′b(t)Ẑc′c(t)Ẑd′d(t)λa′b′c′d′ ,
y¯a|ij(t) = Ẑa′a(t)Ẑi′i(t)Ẑj′j(t)ya′|i′j′ ,
(2.10)
where the Ẑ(t) matrices are given by
Ẑaa′(t) =
(
eQt
)
aa′
,
Ẑii′(t) =
(
ePt
)
ii′
.
(2.11)
Notice that any other point (g¯A(t, g, λ, y), λ¯abcd(t, g, λ, y), y¯a|ij(t, g, λ, y)) on the scale-invari-
ant trajectory will satisfy Eqs. (2.8), since the couplings and, by the gauge transformations
of Qab and Pij , the beta functions and, also, the anomalous dimensions, transform homo-
geneously along the scale-invariant trajectory:
β¯abcd(t) = Ẑa′a(t)Ẑb′b(t)Ẑc′c(t)Ẑd′d(t)βa′b′c′d′ ,
β¯a|ij(t) = Ẑa′a(t)Ẑi′i(t)Ẑj′j(t)βa′|i′j′ ,
γ¯ab(t) = Ẑa′a(t)Ẑb′b(t)γa′b′ ,
γ¯ij(t) = Ẑ
∗
i′i(t)Ẑj′j(t)γi′j′ .
(2.12)
Here, unbarred parameters are evaluated at (gA, λabcd, ya|ij), i.e., at the scale-invariant so-
lution. The behavior (2.12) ensures that Qab and Pij are constant along the scale-invariant
trajectory. Indeed, from Eqs. (2.8) and (2.10) one can see that trajectories with Qab and/or
Pij that are functions of RG time are not possible, for these trajectories would then inter-
sect trajectories with constant Qab and Pij. Such intersecting trajectories cannot occur in
well-posed initial value problems.
It is perhaps surprising that scale-invariant trajectories are full-fledged RG trajectories
and not simply points since they are always referred to as such in the literature. However,
because scale without conformal invariance implies the non-vanishing of at least one of the
beta functions, if a scale-invariant solution (gA, λabcd, ya|ij) exists, complete scale-invariant
trajectories must exist and are described by Eqs. (2.10) and (2.11). Note that because
Ẑab(t) is orthogonal and Ẑij(t) unitary, if one of the beta functions is non-zero at some
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point on a scale-invariant trajectory, then at least one of the beta functions will be non-zero
at any other point on the trajectory, i.e., the theory always flows.
Defining matrices Z˜(t) as
Z˜aa′(t) =
(
e−(γ
φ+Q)t
)
aa′
,
Z˜ii′(t) =
(
e−(γ
ψ+P )t
)
ii′
,
(2.13)
the vertex corrections and wavefunction renormalizations on scale-invariant trajectories are
simply
Zλabcd,a′b′c′d′ =
(
Ẑ−1Z˜Ẑ
)
aa′
(
Ẑ−1Z˜Ẑ
)
bb′
(
Ẑ−1Z˜Ẑ
)
cc′
(
Ẑ−1Z˜Ẑ
)
dd′
, Z
1
2
aa′ =
(
Z˜Ẑ
)
aa′
,
Zy
a|ij,a′|i′j′ =
(
Ẑ−1Z˜Ẑ
)
aa′
(
Ẑ−1Z˜Ẑ
)
ii′
(
Ẑ−1Z˜Ẑ
)
jj′
, Z
1
2
ii′ =
(
Z˜Ẑ
)
ii′
.
(2.14)
With the help of Eqs. (2.11) and (2.13), it is a straightforward computation to check that
Eqs. (2.14) lead to scale-invariant trajectories as described by Eqs. (2.8).
2.4. Scale Invariance and Recurrent Behaviors
There is a close connection between theories with scale but without conformal invariance
and recurrent RG behaviors. Indeed, since Qab is real antisymmetric and Pij anti-Hermitian,
they both have purely imaginary eigenvalues. In other words, the matrices (2.11) are
elements of SO(NS)×U(NF ) which correspond to the symmetry group of the kinetic terms
of the NS real scalars and NF Weyl fermions. Consequently, scale-invariant trajectories
described by Eqs. (2.10) must be periodic or quasi-periodic. In other words, scale-invariant
trajectories exhibit limit cycles or ergodicity, with oscillation frequencies determined by the
eigenvalues of the virial current [16, 17].
The connection between scale invariance and recurrent behaviors can be understood
intuitively. Indeed, RG evolution is related to the dilatation current (2.1), which is a
combination of a spacetime scale transformation and an internal transformation of the
fields. Since the internal transformation is a transformation in the compact group SO(NS)×
U(NF ), the field transformations must eventually rotate back to the identity or arbitrary
close to the identity. Thus, since RG translations are generated by scale transformations,
and scale transformations are related to internal transformations by the conserved dilatation
current, RG evolution along scale-invariant trajectories that are not conformal must return
to, or arbitrarily close to, the starting point. Hence, scale-invariant trajectories are periodic
or quasi-periodic. Notice that the converse is also true: limit cycles and RG trajectories
exhibiting ergodic behavior are scale-invariant trajectories with no conformal symmetry,
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since physical properties on an RG trajectory are independent of RG time. However, it is
possible that scale invariance on such a trajectory is broken to a discrete subgroup.7 These
interesting RG behaviors have far-reaching consequences as discussed in the next section.
At this point some might be puzzled by the argument of the previous paragraph. Indeed,
since RG running on a scale-invariant trajectory can be seen as a field redefinition, one
might be tempted to argue that scale-invariant trajectories are really fixed points. However,
the appropriate field redefinition is RG-time-dependent and consequently it generates an
RG flow as advocated, e.g., in Ref. [18]. In other words, although the RG flow can be
interpreted as a field redefinition, it is impossible to make all beta functions vanish on a
scale-invariant trajectory.8
Finally, note that recurrent behaviors are n-dimensional compact subspaces of coupling
space where n = 1 for limit cycles and n > 1 for ergodic behaviors. Although a complete
analysis of the behavior of RG trajectories near scale-invariant trajectories has not been
undertaken, at first sight it seems like an extreme amount of fine-tuning is necessary for
a theory to exhibit limit cycles (exactly as in theories that sit at a fixed point). The
prospect does not appear as grim for ergodicity. Since the compact subspace is completely
spanned (in infinite RG time), any UV theory defined in the compact subspace will display
ergodicity. A careful analysis of RG trajectories near scale-invariant trajectories would shed
light on the character (attractive, repulsive, etc.) of scale-invariant trajectories.
2.5. Scale-invariant Theories, Gradient Flows and the a-theorem
It has long been known that recurrent behaviors such as limit cycles and ergodicity imply
that RG flows are not gradient flows [10]. An RG flow is a gradient flow if the beta
functions, βi = −dg
i
dt
, can be written as
βi(g) = Gij(g)
∂c(g)
∂gj
,
7The physics lore that limit cycles and ergodicity imply perpetual oscillations in the scattering cross
sections is thus correct [16]. Close to a scale-invariant trajectory, the scattering cross sections σ(s) in terms
of the center-of-mass energy s oscillate, i.e., sσ(s) = c(s) with c(s) a periodic or quasi-periodic function. The
scattering cross sections obey the standard scaling law, with c(s) a constant, only for theories approaching
conformal fixed points.
8Note that all exact RG flows can be obtained by RG-time-dependent field redefinitions, see e.g., [19].
Moreover, since wavefunction renormalization operators are redundant, it is necessary for scale invariance
that the beta-function operators are redundant on scale-invariant trajectories—the beta functions can then
be absorbed in the anomalous dimensions as discussed in section 2.6.
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with Gij(g) a positive-definite metric, G
ikGkj = δ
i
j, and c(g) a function of the couplings g
i.
Along an RG trajectory, the potential c(g(t)) is a monotonically decreasing function,
dc(g(t))
dt
= −Gij(g)β
iβj ≤ 0,
Clearly, scale-invariant trajectories cannot be produced by gradient flows.
The obstruction appears first at two loops, which is consistent with the literature [10,
20]. For example, it was pointed out in [10] that a specific one-loop contribution to
the quartic-coupling beta functions (schematically y4) and a specific two-loop contribution
to the Yukawa beta functions (schematically y3λ) arise from the same λy4 term in an
appropriately constructed potential c(g). Such an obstruction has important repercussions
in the study of RG flows. Intuitively, a non-trivial RG flow is seen as an irreversible process,
where the high-momentum degrees of freedom are integrated out at large distances. In
other words, the number of massless degrees of freedom should always decrease along non-
trivial RG flows. However, on scale-invariant trajectories, the number of massless degrees
of freedom is constant. This implies that the “strongest” version of the a-theorem [21],
i.e., that RG flows are gradient flows, is wrong. Note that the “stronger” claim—that
the potential c(g) is monotonically decreasing, dc/dt ≤ 0—still stands. The inequality is
saturated if the theory is scale-invariant.
A supersymmetric example of scale without conformal invariance is still missing, and
so it is possible that scale implies conformal invariance for supersymmetric theories. In
that case, the “strongest” version of the a-theorem might still be valid for supersymmetric
theories.
2.6. Why Dilatation Generators Generate Dilatations
The authors of Ref. [12] showed that dilatation generators do not generate dilatations (in
non-scale-invariant quantum field theories). They demonstrated at low orders that quantum
anomalies can be absorbed into a redefinition of the scaling dimensions of the fields, but
that at high orders this is not possible. In modern language, the two anomalies9 correspond
to the anomalous dimensions and the beta functions. The former can be safely absorbed
into a redefinition of the scaling dimensions of the fields, preserving scale invariance, but
the latter, generically cannot, thus breaking scale invariance in the quantum theory. This is
9In Ref. [12] a third type of anomalies, the Schwinger terms, arose in the Callan–Symanzik equations for
conserved currents. However, Schwinger terms do not arise in dimensional regularization and thus can be
safely ignored here.
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made manifest by the trace anomaly, the statement that once the equations of motions are
applied the trace of the energy momentum tensor vanishes if and only if the beta-functions
vanish.
It is interesting to see how scale-invariant quantum field theories circumvent the results
of Ref. [12]. At conformal fixed points the vertex corrections are fixed in terms of the
anomalous dimensions, as can be seen by setting the beta functions to zero in Eqs. (2.6).
By contrast, for a theory to be scale-invariant, Eqs. (2.8) must be satisfied, in which case
the vertex corrections satisfy Eqs. (2.9). Therefore, as in CFTs, the vertex corrections are
fixed, only now they are not given in terms of the anomalous dimensions, but rather in
terms of the generalized anomalous dimensions, γ + Q for scalars and γ + P for spinors.
Consequently, on scale-invariant trajectories it is possible to absorb both the anomalous
dimensions and the beta functions into a redefinition of the scaling dimensions of the
fields, thus preserving scale invariance and leading to dilatation generators that generate
dilatations.
To see more precisely how this works, recall that the naive Ward identity of scale
invariance is improved to the Callan–Symanzik equation [12] in the quantum theory. Indeed,
for an arbitrary collection of fields ϕi(x) and couplings gi, defined at the renormalization
scale M , the effective action Γ[ϕ(x), g,M ] satisfies[
M
∂
∂M
+ βi
∂
∂gi
+ γ ij
∫
d4xϕi(x)
δ
δϕj(x)
]
Γ[ϕ(x), g,M ] = 0 .
The authors of Ref. [12] pointed out that the beta-function contributions cannot be ab-
sorbed into a redefinition of the dilatation current, and thus generators of dilatations do
not generate dilatations, except, of course, if the theory is conformal. However, for scale-
invariant theories the beta functions have very specific linear dependence on the couplings.
If δφj = Q
i
j φi is an infinitesimal transformation that is a symmetry of the kinetic terms,
then a formal symmetry-relation is obtained by counter-rotating the coupling constants,
leading to [
−Q ij g
j ∂
∂gi
+Q ij
∫
d4xϕi(x)
δ
δϕj(x)
]
Γ[ϕ(x), g,M ] = 0 .
Then, using Eqs. (2.8) it is obvious that we can substitute the beta-function terms for
new anomalous-dimension-like terms, which lead to a new version of the Callan–Symanzik
equation for the effective action:[
M
∂
∂M
+ (γ ij +Q
i
j )
∫
d4xϕi(x)
δ
δϕj(x)
]
Γ[ϕ(x), g,M ] = 0 .
We have managed to recast the Callan–Symanzik equation as if the beta functions vanished
and the anomalous dimensions were the generalized ones. This is not to say that the
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couplings do not flow. Rather, the flow is precisely such that one can equivalently solve
the equations as if the beta functions vanished but the anomalous dimensions were replaced
by the generalized ones. Clearly, there is no longer an obstruction to absorbing the beta-
function contributions into a redefinition of the dilatation current.
It is reassuring that we can arrive at the same conclusion by a different, largely in-
dependent argument, namely by analyzing the Poincare´ algebra augmented by dilatation
transformations. The beta functions on scale-invariant trajectories generate the appropriate
scaling dimensions required by the inclusion of the virial current in the dilatation current.
Classically, it is easy to see that the dilatation current (2.1) leads to new “classical” con-
tributions to the scaling dimensions of the fields by using the Lie algebra of Poincare´ and
dilatation transformations. The Poincare´ algebra, augmented with the dilatation charge,
D =
∫
d3xD0(x), is
[Mµν ,Mρσ] = −i(ηµρMνσ − ηνρMµσ + ηνσMµρ − ηµσMνρ) ,
[Mµν , Pρ] = −i(ηµρPν − ηνρPµ) ,
[D,Pµ] = −iPµ ,
and the algebra acts on fields10 OI(x) as
[Mµν ,OI(x)] = −i(xµ∂ν − xν∂µ + Σµν)OI(x) ,
[Pµ,OI(x)] = −i∂µOI(x) ,
[D,OI(x)] = −i(x · ∂ +∆)OI(x) ,
(2.15)
where Σµν are the appropriate spin matrices and ∆ = ∆
cl + γ are the scale-dimension
matrices.
Since the dilatation current is given by Eq. (2.1), we find (with the help of Eqs. (2.15))
[D, φa(x)] = −i(x · ∂ + 1)φa(x)− iQabφb(x) ,
[D,ψi(x)] = −i(x · ∂ +
3
2
)ψi(x)− iPijψj(x) ,
and thus the virial current leads to new “classical” contributions to the classical scaling-
dimension matrices as anticipated above:
∆clab = δab +Qab ,
∆clij =
3
2
δij + Pij .
10Note that the notion of quasi-primary fields is vacuous in a scale-invariant theory without conformal
invariance, since the generator of special conformal transformations, Kµ, does not exist. Descendants, i.e.,
operators obtained by the action of the generator of translations Pµ, are however well-defined.
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In the analysis of the RG flow, however, these new “classical” contributions are introduced
at the quantum level by the beta functions as dictated by Eqs. (2.8) or (2.9). In other words,
although from Eq. (2.1) the virial current contributions to the scaling dimensions seem to
have a classical origin, in the renormalization group analysis they are really generated
by quantum corrections, i.e., the beta functions. Thus, the scaling dimensions of the
fundamental fields on scale-invariant trajectories are
∆ab = δab +Qab + γab ,
∆ij =
3
2
δij + Pij + γij .
(2.16)
Note that the “classical” scaling dimensions are constant along the scale-invariant RG
trajectory, while the anomalous dimensions, due to Eqs. (2.12), are not. However, the
eigenvalues of the scaling dimensions (2.16) are RG-invariant.
We would like to stress here that the beta functions are not shifted away into the scale
dimensions of the fields. Some might argue that the beta functions on scale-invariant tra-
jectories should naturally be absorbed into the scale dimensions of the fields, leading to
scale-invariant fixed points instead of scale-invariant trajectories. But what does the shift
physically mean? The only possible way to modify the beta functions without changing
the theory is by performing a scheme change. If such a scheme change existed, it would
imply that there is a scheme where the new improved energy-momentum tensor is trace-
less, leading to conformal invariance. However, since physics is scheme-independent, that is
clearly impossible. Furthermore, since the shift is global, it affects all theory space, trans-
forming scale-invariant trajectories into scale-invariant “fixed points” and conformal fixed
points into conformal “trajectories”. However, following Ref. [3] no traceless symmetric
energy-momentum tensor exists on these conformal trajectories, contradicting the general
result of Ref. [3]. The shift is thus physically ill-defined and it is unwarranted to demand
vanishing beta functions on scale-invariant trajectories.
We can also investigate the vacuum structure of the scale-invariant theory from the
tree-level potential. By inspection of the Lagrangian (2.5) we immediately conclude that,
if the tree-level scalar potential is bounded from below, then the theory on a scale-invariant
trajectory has a stable vacuum (i.e., a global minimum) at the origin of field space, with
vanishing energy density. If the potential is not bounded from below, then the theory does
not have a stable vacuum. The possibility of flat directions is not considered. Due to
Eqs. (2.10) and the fact that the matrices (2.11) are orthogonal/unitary, this statement is
RG-invariant as expected. The same is true for CP conservation and the location of the
vacuum in field space. Notice that an analysis of the effective potential at one loop does
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not lead to a better understanding of the theory around the origin of field space. Indeed,
due to the relative size of the different couplings on scale-invariant trajectories as seen in
Eqs. (3.1), the one-loop contribution to the effective potential cannot balance the tree-level
contribution. Thus, the apparent new minimum of the one-loop effective potential, located
exponentially close to the origin, involves large logarithms and lies outside the regime of
validity of the one-loop approximation. Although it is impossible to determine if the origin
of field space is a true minimum from the effective potential point of view, the RG analysis
strongly suggests that it is.
Finally, it is of interest to study the behavior of correlation functions of the fields. It is
well-known that scale invariance, along with invariance under the Poincare´ group, restricts
the form of two-point and three-point correlation functions of fields [22].11 Focusing on
scalar fields OI(x) with scaling dimensions ∆I for simplicity, the two-point and three-point
correlation functions must be
〈OI(x1)OJ(x2)〉 =
gIJ
(x1 − x2)∆I+∆J
,
〈OI(x1)OJ(x2)OK(x3)〉 =
∑
δ1+δ2+δ3=
∆I+∆J+∆K
cδ1δ2δ3IJK
(x1 − x2)δ1(x2 − x3)δ2(x3 − x1)δ3
,
where gIJ and c
δ1δ2δ3
IJK are constant. Note that, contrary to conformal field theories, two-
point correlation functions of fields with different dimensions do not necessarily vanish
for scale-invariant theories. Three-point correlation functions are even less constrained.
Concentrating on fundamental fields, the form of the two-point functions for real scalar
fields can be obtained from the algebra:
〈φa(x)φb(0)〉 =
[
(x2)−
∆
2 Gφ (x2)−
∆
T
2
]
ab
,
where Gφab is a constant real symmetric matrix.
Finally, since the operator product expansion (OPE) already incorporates scale invari-
ance, no new constraints arise for the OPE on scale-invariant trajectories. This is in
contrast to conformal theories where very powerful results can be derived with the use of
the generator of special conformal transformations on the OPE.
11Although quasi-primary fields are unique to conformal field theories, it is still possible in non-conformal
scale-invariant theories to limit the study of correlation functions only to fields that are not descendants.
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3. Scale-invariant Trajectories
3.1. Systematic Approach
As explained in [1] it is possible to systematically search for conformal fixed points (where
the virial current trivially vanishes), conformal fixed points with enhanced symmetry (where
the virial current is conserved), scale-invariant trajectories (where the virial current is non-
trivial), and scale-invariant trajectories with enhanced symmetry (where the non-trivial
virial current can be decomposed into a conserved current and a new non-trivial virial
current) in the weak-coupling regime. One simply needs to expand in the small parameter
ǫ the couplings,
gA =
∑
n≥1
g
(n)
A ǫ
n− 1
2 , λabcd =
∑
n≥1
λ
(n)
abcdǫ
n, ya|ij =
∑
n≥1
y
(n)
a|ijǫ
n− 1
2 , (3.1)
and the unknown parameters in the virial current,
Qab =
∑
n≥2
Q
(n)
ab ǫ
n, Pij =
∑
n≥2
P
(n)
ij ǫ
n . (3.2)
The form of the expansions (3.1) and (3.2) is dictated by the beta functions for the couplings
[23] and by the Polchinski–Dorigoni–Rychkov argument for the virial current [3, 9]. The
only requirement on the small parameter is to allow a (partial) cancellation of the first and
second non-trivial contributions to the beta functions. For example, the small parameter
can be the ǫ of d = 4− ǫ, or the specific function of the number of colors and flavors in a
theory of the Banks–Zaks type in d = 4 [24].12 It is natural to ask what happens to the
scale-invariant trajectories in the strong-coupling regime. Once the non-perturbative effects
are large, all confidence in the expansion above is lost, and it is impossible to argue for
the existence of scale-invariant trajectories. However, one can imagine that there are scale-
invariant trajectories that have sections both in the perturbative and the non-perturbative
regime. It is also likely that the scale-invariant trajectories survive in an intermediate
regime as one transitions to strong coupling. For example for a theory in d = 4− ǫ the RG
flows in the ǫ→ 1 limit may give (strongly-coupled) examples of cycles in d = 3. Moreover,
in a theory of the Banks–Zaks type one could assume that scale-invariant trajectories exist
in the strong-coupling regime, much as is done for the conjectured superconformal fixed
points in Ref. [26]. However, one cannot parallel the argument of Ref. [26] for the case
of scale-invariant trajectories, since it relies on the full superconformal symmetry of the
12Notice that, in the large number of colors and flavors limit, it is more natural to use generalized ’t Hooft
couplings [25] for all couplings in Eqs. (3.1) and (3.2).
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fixed points, more specifically on the existence of an R-symmetry. The same can be said
of supersymmetric scale-invariant trajectories if such theories exist. Before concluding, we
would like to comment on the scheme-dependence of beta functions.
3.2. Scheme-dependence of Beta Functions
It is well known that only the first two terms in the loop expansion of the beta function of
QCD are scheme-independent, and hence that a scheme exists for which the beta function
consists precisely of those first two terms [27]. The situation for models with multiple
couplings is only slightly more complex, but seems to be less well understood. This may
well have been discussed elsewhere, but we have tried and failed to find it in the literature.
So we will point out here that, for multi-coupling beta functions, although the one-loop
terms are scheme-independent, the two- and higher-loop terms are not. However, there is
in general no scheme choice that can shift to zero the two- or higher-loop contributions to
the beta functions.
We will arrange all the coupling constants of the model into one vector gα = (g1, . . . , gN),
where the entries stand for squares of Yang–Mills couplings, g2A where A runs over the group
factors of the gauge group, single powers of scalar quartic couplings, λI with I running
over all possible quartic operators, and products of Yukawa couplings, yiyj (taking all
Yukawa couplings to be real by separating real from imaginary parts) with i running over
the number of Yukawa terms. Then, the loop expansion of the running of all coupling
constants can be written in a unified way:
µ
dgα
dµ
≡ βα = b
(1)
αβγgβgγ + b
(2)
αβγδgβgγgδ + · · · .
Consider, next, a re-parametrization of these coupling constants:
g¯α = gα + Aαβγgβgγ + · · · . (3.3)
This can be seen to correspond to a change in renormalization scheme. Indeed, if the
re-parametrization in Eq. (3.3) is introduced into the renormalized Lagrangian, one can
simply absorb it into the coupling constant renormalization factors Zg. But this has the
effect of additional finite subtractions, that is, a change in scheme.
In terms of the new coupling constants the beta functions read
β¯α = b¯
(1)
αβγ g¯β g¯γ + b¯
(2)
αβγδ g¯β g¯γ g¯δ + · · · .
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It is now a simple exercise to relate the coefficients of the loop expansion of one set of
couplings and the other:
b¯
(1)
αβγ = b
(1)
αβγ , (3.4a)
b¯
(2)
αβγδ = b
(2)
αβγδ +
2
3
[(Aαδρb
(1)
ρβγ − Aρδβ b¯
(1)
αργ) + permutations] , (3.4b)
where the permutations are over all indices but α. We immediately see that the one-loop
terms are scheme-independent, while the two-loop terms are not. Moreover, we also notice
that A does not have enough parameters to allow us to set to zero the two-loop coefficients
(3.4b). The same holds for all higher-loop coefficients of the beta functions.
In dimensional regularization the two-loop beta functions, when evaluated on scale-
invariant trajectories, are of the order of the three-loop terms, as will be described in
future work. Thus, without the knowledge of the three-loop beta functions, one cannot
argue consistently that a solution obtained using the two-loop beta functions corresponds
to a scale-invariant recurrent flow rather than a fixed point. It should be noted that
generally there does not exist a scheme in which the beta functions are two-loop exact.
One thus concludes that a three-loop computation is necessary to establish the existence
of scale-invariant trajectories. These issues will be investigated in great detail in another
publication.
4. Discussion and Conclusion
It has long been thought that scale invariance implies conformal invariance in unitary
quantum field theory. A proof in d = 2 spacetime dimensions was known, but no such
proof existed for d > 2 spacetime dimensions. In this work we lay down the theoretical
foundations for d = 4 − ǫ and d = 4 unitary quantum field theories with finite correlation
functions that are scale but not conformally invariant.
On scale-invariant trajectories the dilatation current is conserved, the virial current has
dimension exactly 3, although it is not conserved (something conformal symmetry does
not allow), and the RG evolution is known precisely. Moreover, scale-invariant trajectories
exhibit recurrent behaviors (limit cycles or ergodicity) with non-vanishing beta functions.
This fact implies that RG flows are not gradient flows and, therefore, the “strongest” version
of the a-theorem is violated. Finally, dilatation generators do generate dilatations on scale-
invariant trajectories, since the beta functions can also be absorbed into a redefinition of
the scaling dimensions of the fields. Indeed, the beta functions generate the appropriate
scaling dimensions required by the non-trivial contribution of the virial current to the
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dilatation current. As expected, statements such as boundedness of the scalar potential,
CP conservation, and location of the minimum in field space are RG-invariant for scale-
invariant theories. Note, however, that an analysis of the effective potential around the
origin of field space lies outside the range of validity of the one-loop approximation.
Several explicit counterexamples which display scale without conformal invariance will
be exhibited elsewhere. Such examples allow the study of the implications of scale invari-
ance, without the added constraint of conformal invariance. They also shatter all hopes
for a generic proof that scale implies conformal invariance in arbitrary spacetime dimen-
sions. The perturbative analysis moreover suggests that scale-invariant theories that are
not conformal are generic.
Due to their presumed non-existence, theories with scale but without conformal invari-
ance have been scantly studied. For example, it would be of interest to study the character
(attractive, repulsive, etc) of scale-invariant trajectories in generic quantum field theories.
Possible phenomenological applications could emerge and result in new ideas for model
building. Moreover, an analysis in d > 2 and d 6= 4 spacetime dimensions would also shed
light on possible violations of the a-theorem in other spacetime dimensions. Furthermore, a
study of scale without conformal invariance in supersymmetric quantum field theories could
also lead to interesting consequences for the a-theorem. Finally, it would be interesting to
investigate scale-invariant theories in the context of gauge/gravity duality [28]. We look
forward to addressing some of these questions in the future.
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